Analytical and numerical approaches have been made to the problems of (a) propagation through a doubly periodic array of elastic shells in air, (b) scattering by a single elastic shell in air, and (c) scattering by a finite periodic array of elastic shells in air. Using the Rayleigh identity and the Kirchhoff-Love approximations, a relationship is found between the elastic material parameters and the size of the bandgap below the first Bragg frequency, which results from the axisymmetric resonance of the shells in an array. Predictions and laboratory data confirm that use of a suitably "soft" non-vulcanized rubber results in substantial insertion loss peaks related to the resonances of the shells. Inclusion of viscoelasticity is found to improve the correspondence between predictions and data. In addition the possible influences of inhomogeneity due to the manufacturing of the elastic shells (i.e., the effects of gluing sheet edges together) and of departures from circular cylindrical cross-sections are considered by means of numerical methods.
I. INTRODUCTION
Periodic arrays of circular cylinders are known to give high attenuation at selective frequencies as a consequence of Bragg scattering. 1, 2 They give rise to bandgaps, i.e., peaks in transmission loss, related to the spacing between scattering elements (the lattice constant). The first bandgap central frequency occurs when the lattice constant is equal to half wavelength. Such arrays have been dubbed "sonic crystals" (SCs) or "phononic crystals" because of the analogous effects to those of photonic crystals on electromagnetic waves. By varying the lattice constant and/or filling fraction it is possible to attain peaks of attenuation in a certain range of frequencies. Potentially, barriers made in the form of periodic cylinder arrays will be more esthetically pleasing than conventional noise barriers and their performance might be less affected by wind.
For SCs to be useful as sound barriers, methods must be found of reducing the angle-dependence of the stop bands and targeting the noise spectrum of interest. One possibility for achieving a relatively low-frequency angle-independent stop band is to use resonant scatterers. There has been previous numerical and theoretical work in respect of periodic arrays of elastic scatterers in a gas involving hollow spheres and cylinders. 3 There have also been numerical studies of the acoustical performance of a periodic array of resonant silicone rubber scatterers embedded in an epoxy resin matrix. 4 Previous laboratory work in respect of periodic arrays of scatterers in air has investigated the use of pressurized gas-filled cylindrical balloons. 5, 6 However it was found difficult to predict the measured effects. Indeed it is essential to introduce the effect of any static external load to model scattering by elastic materials under tension. Another form of resonant scatterer is a cylinder with a slit along its length. 7 Recent studies 8 suggest the possibility of using hollow tubes with multiple narrow slits, such that all the slits occupy the quadrants facing the source, to create a broader bandgap.
In this paper, first the theory of wave propagation through doubly periodic arrays of elastic shells is developed. A new result compared with previous work is a semi-analytical approximation for thin "soft" elastic shells. It is assumed that the elastic material is called soft, if c 2 =c 1 ( 1, where c 1 and c 2 are the compressional and shear wave speeds, respectively. The properties of this material allow several relatively low-frequency resonances that generate stop bands in the scattering problem for array. These stop bands are additional to those related to the wave propagation through the array of rigid/porous scatterers. 2 In the experiments and predictions reported here, commercially available non-vulcanized rubber (latex) is used as an example of a suitable material. Using the approximation results, the scattering problem is solved for a single scatterer and for a finite array of scatterers. Comparisons with data confirm the presence of the interesting resonances for the chosen material and geometry of the shell.
II. ANALYTICAL AND NUMERICAL RESULTS

A. Doubly periodic array of elastic shells: Formulation
First consider the problem of acoustic wave propagation through a doubly periodic array of identical elastic shells. Throughout the paper the time-harmonic dependence is taken a) Author to whom correspondence should be addressed. Electronic mail: a.krynkin@salford.ac.uk as exp(Àixt). It is assumed that waves propagate in the plane perpendicular to the main axis of infinite cylindrical shells C j , j takes positive integer values, so each shell can be replaced by its cross-section (i.e., elastic ring), see Fig. 1 . The acoustic environment outside/inside of each shell is described by density q o =q i and sound speed c o =c i , whereas the elastic linear isotropic material of the shell is represented by density q, compressional velocity c 1 , and shear velocity c 2 . Without loss of generality, the origins of the Cartesian (x, y) and polar coordinates (r, h) used in this section coincide with the center of the scatterer C 0 in the primary cell of size L, referred to as the lattice constant. Center O j of each scatterer in the infinite periodic array is defined by the position vector R j ¼ n 1 a 1 þ n 2 a 2 ; n 1 , n 2 take integer values, where a 1 and a 2 are the fundamental translation vectors. 9 Displacement potential p(r) in the acoustic medium satisfies the Helmholtz equation, Dp þ k 2 a p ¼ 0; (1) and the quasi-periodicity conditions,
where D ¼ð1=rÞð@=@rÞ r@=@r ð Þþð1=r 2 Þð@ 2 =@h 2 Þ, k a ¼ x=c a is the wavenumber defined as the ratio between angular frequency x and sound speed of the outer acoustic environment c a , b ¼ (q 1 , q 2 ) T is a given wave vector, and index a relates density to one of the acoustic media (i.e., it equals to either "o" or "i"). p(r) is related to the acoustic pressure U(r) and particle velocity potentialÛðrÞ by
U ¼ Àixp:
The wave field in the elastic ring is represented by two displacement potentials /(r) and w(r), which are solutions of the following equations: 10
The solutions to Eqs. (1) and (4) are subject to continuity conditions at the elastic-acoustic interface of scatterer C j . This gives at r ¼ a o and r ¼ a i ,
where stresses r rr and r rh are defined by
The solutions to the problems (1)-(5) can be described by orthogonal series of Bessel and trigonometric functions. In the outer and inner acoustic media the potentials take the following forms:
whereas the solutions of the elastic shell are expanded as
The set of unknown coefficients fA n , C 1,n , C 2,n , D 1,n , D 2,n , E n g can be identified in terms of coefficient B n by using boundary conditions at the surface of the elastic shell. Thus, substituting solutions of Eqs. (7) and (8) taking inner product Ð 2p 0 hÁi expðimhÞdh one can derive an algebraic system of equations,
where À1 < n < 1, j a ¼ c a =c 2 , a ¼ q a c a =(qc 2 ), and Z 0 n ðk a rÞ ¼ dZ n ðk a rÞ=dr is the derivative of cylindrical function, X n is the vector (C 1,n , D 1,n , C 2,n , D 2,n ) T of unknown coefficients, and C n is the matrix of 4 Â 4 elements in the following form:
where the coefficients are defined as
(12b)
In the case of the rigid scatterer Eq. (9) is reduced to the well-known relation between coefficients A n and B n by setting X n to the zero vector and e o to the zero value. The periodicity condition (2) can now be used to establish the dispersion relation in the form of the Rayleigh identity 11, 12 for solution of the wave propagation problems (1)-(5), yielding 
within which K is the lattice where scatterers are distributed and position vector R j is defined as R j (cos a j , sin a j ) T . It must be noted that convergence of infinite sum in Eq. (14) can be improved by transforming it to the sum over the reciprocal lattice K Ã (Ref. 12 ). Substitution of Eqs. (9) and (10) into relation (13) gives
ðÀ1Þ mÀn r mÀn ðk o ; bÞB m ¼ 0;
where the coefficients M n obtained from Eq. (9) characterize the type of the circular scatterer and the boundary conditions imposed on its surface. 13 In the limiting case when the continuity boundary conditions (5) are replaced by the Neumann conditions @p=@r ¼ 0 (i.e., for a rigid scatterer) one can find that
The solutions are obtained by finding zeros of the determinant based on the coefficients matrix of algebraic set of equations (15) . These solutions represent the dependence of the frequency parameter k o on the wave vector b. Note that throughout the paper this wave vector is limited to contour CMKC also known as first irreducible Brillouin zone. The nodes of the contour are defined as follows:
The predictions in Fig. 2 illustrate the existence of propagating waves for different types of scatterers. The results show the difference between rigid and elastic scatterers. In particular, the result highlighted in the shaded area of Fig.  2 (b) proves the fact that the array of soft elastic shells (latex in our case) may support a low-frequency complete bandgap characterized by the breathing mode resonance of an elastic shell in air. The resonance generates a standing wave in the infinite periodic array that creates the lower bound of the gap. This gap where waves do not propagate is observed below the first bandgap associated with the periodic arrangement normally called the Bragg bandgap. The latter characterizes the typical behavior of the doubly periodic array of rigid scatterers shown in Fig. 2(a) . Note that the first Bragg bandgap exists around the pole kL ¼ p of the lattice sum r n (k, b), n takes integer values.
Since the surrounding acoustic environment is assumed to be always the same (in this paper, it is air with q o ¼ q i ¼ 1.25 kg/m 3 and c o ¼ c i ¼ 344 m/s), it is clear that the position of resonance only depends on the shell radius a o , half-thickness h, and the shell material parameters such as density, Young's modulus E, and Poisson's ratio m. Thus, our main interest is to find the range of shell properties that will ensure that the bandgap related to a shell resonance appears below the first Bragg bandgap.
B. Approximations for loaded thin elastic shell
The small thickness, low-frequency regime defined here as xh=c 2 ( 1, and the considerable contrast between acoustic and elastic material parameters can be exploited to find the relation between the position of the Bragg bandgap and shell resonances.
If the thickness of the elastic shell is much smaller than its mid-surface radius R ¼ (a o þ a i )=2, then g ¼ h=R ( 1. On the other hand the contrast between elastic material of the shell and air medium considered here is relatively large. This can be described in terms of the relative impedance ¼ q o c o =(qc 2 ) ( 1. To have better interaction between elastic and acoustic media, the contrast has to be reduced. The latter can be achieved by assuming that the relative impedance is of the same order as the ratio between half-thickness and mid-surface radius of the elastic shell. This can be written as
Based on the previously detailed assumptions concerning the thickness and relative impedance, one can derive long-wave low-frequency approximations for the wave equations of the thin-walled elastic shell following the technique described elsewhere. 14 Then the problem stated by Eq. (4) and boundary conditions (5a)-(5c) can be reduced to the asymptotic equations given by
where u 1 (h) and u 2 (h) are the approximations of the in-plane displacement components in the elastic shell, k 3 ¼ x=c 3 and
Here the dilatational wave speed c 3 for a thin elastic plate is recalled,
The right-hand sides of Eq. (18) 
The displacements of the elastic shell can be expanded into the Fourier series,
whereas acoustic potentials may take the same form as in relations (7a) and (7b) if wave propagation through the periodic array of thin elastic shells is studied. Inserting acoustic and elastic components into Eqs. (18) and (20) one can derive an approximation for coefficients M n , yielding
It is noted that as ! 0 the given form of M n transforms to the coefficient for the rigid scatterer (16) . The results can be compared with the exact form of coefficient M n derived from Eqs. (9) and (10) . Figure 3 (a) demonstrates that the approximation is within 1% of the exact solution for the modes related to a rigid shell and to the first elastic shell resonances of different indices. Also, two major bandgaps below the first Bragg bandgap are predicted. They can be identified with the two elastic shell resonances with indices n ¼ 0 and n ¼ 61 as shown by the predictions in Fig. 3 22) for the specified indices while for all other values it is given in the form for the rigid scatterer coefficient (16) . There is also a third resonance related to n ¼ 62, which appears at kL % 0.86. The bandgap for this resonance is predicted to be almost negligible. Nevertheless this bandgap is observed clearly in the laboratory experiments described in Sec. III C. Reasons for this are discussed later.
The bandgap for n ¼ 0 is a result of the axisymmetric resonance of the shell, since it does not depend on polar angle h. To estimate the lower bound of this gap the resonance of the single shell has to be found. This requires solution of the appropriate eigenvalue problem, where the outer acoustic potential is given by the Bessel function of second kind only and the displacement field in the shell obeys Eq. (18) . The solution of this problem corresponds to zeros of determinant of the coefficient matrix. The determinant takes form of the expression found in the square brackets of relation (22), which can be approximated by introducing a new small parameter. This parameter is based on the assumption that the radius of the elastic shell is much smaller than wavelength in air (i.e., k o R ( 1).
Expanding Bessel functions and collecting similar orders of smallness in accordance with Eq. (17) results in the leading order approximation, yielding
where j ¼ c 2 =c 1 , and c % 0.5772 is the Euler's constant. 15 Solution The resonant frequency of the latex calculated from approximate equation (24) deviates by no more than 2% from the exact solution given by zeros of Eq. (22). By lowering the approximation accuracy to 6% the relation (24) can be reduced to a simple quadratic equation from which the resonance of the elastic shell in air can be found explicitly, i.e.,
A more detailed analysis of how size and position of the bandgap vary with respect to material parameters is illustrated in Fig. 4 , where the lower bound is approximated by roots of Eq. (24) and the upper bound is the solution of Rayleigh identity, Eq. (15) . The results show that to have relatively large bandgap in an interesting frequency interval, the material contrast at the acoustic-elastic interface has to be reduced to minimum. 
C. Auxiliary problem: Single elastic shell
The efficiency of the approximations can be explored further by comparing predictions of the solution of the auxiliary scattering problem for a single shell with the data. We consider a two-dimensional (2D) problem consisting of a single thin elastic shell surrounded by an acoustic medium. The relative impedance obeys condition (17) . Acoustic waves are generated by a cylindrical source, which is positioned in the outer region of the shell. The origin of the Cartesian (x, y) and polar coordinates (r, h) coincides with the source location.
Potential p o (r) in the outer acoustic medium satisfies the Helmholtz equation (1) 
so that total field in the outer acoustic medium takes the following form: (29) Note that whenÛ 1;n ¼ 0 factors Z n transform to those for the case of a rigid cylinder. Use of the formulations from Secs. II A and II B leads to solutions for the inner acoustic medium and thin shell as relations (7) and (21), respectively. Note that for future use the cylindrical source function in Eq. (28) has to be expanded into series using Graf's addition theorem so that only one set of polar coordinates is employed. This gives The unknown coefficients can be derived by using asymptotic equations (18a) and (18b), boundary conditions (20a) and (20b), and the modified solution (30). After solving the appropriate algebraic system, coefficients A n are derived as A n ¼ ÀH ð1Þ n ðk o QÞ exp Àin p þ a ð Þ ½ ; À1 < n < 1:
The formulation outlined here describes wave scattering from a thin shell made of a perfectly elastic material. According to the results of Sec. II B, interesting effects are observed for so-called soft elastic materials that can be identified by c 2 =c 1 ( 1. Relevant viscoelasticity has to be taken into account. For rubber-like solids, viscoelasticity can be described by a linear model. The dynamic Young's modulus is 16 EðtÞ ¼Ê 1 À f ðtÞ ½ ;
(32) within which we introduce dynamic Young's modulusÊ and relaxation function of the following well-known form:
where the sum of measured extensional moduliÊ j is taken over relaxation times s j . Applying the Laplace transform Ð þ1 0 hÁi expðÀstÞdt, one can derive the Young's modulus in terms of the transform parameter s as
This can also be represented in the frequency domain by using s ¼ Àix, so that
Equation (35) may also be obtained from the general stressstrain relation by taking the Fourier transform Ð þ1 À1 hÁi expðixtÞdt.
We use viscoelasticity data measured for the material similar to latex used in our experiments. 17 Instead of Eq. (35), this requires use of
where the Young's modulus E corresponds to the equilibrium state and values of E j and s j are taken for an elastomer with properties similar to latex, 17 see Table I . Note that modulus E is always set to 1.75 MPa. In Fig. 5(a) the viscoelastic effect is illustrated. The assumed configuration is identical to that used in the experiments described in Sec. III. The results are computed in terms of insertion loss (IL) defined as IL ¼ 20 log 10
It is observed that the axisymmetric resonance discussed in Sec. II B is almost at the same frequency for both visco-and elastic solids, whereas the resonance related to indices n ¼ 61 is shifted to the higher frequency for the viscoelastic case. The slight shift in axisymmetric resonance gives better agreement with the data in Fig. 5(b) . We also note the peak around 500 Hz is associated with the resonance of index n ¼ 61.
D. Array of elastic shells
We next consider finite array of thin elastic shells distributed in lattice with square cells of size L. Assuming that cylindrical source generates sound waves and using a multiple scattering technique, 2 the solution in the outer acoustic environment can be derived in the following form: 
where M is the number of scatterers in the array, the first sum is taken over all numbers of shells in the array, the factors Z m n take the previously derived form (29) specified to the scatterer with index m, and variablesr m ðr; hÞ andĥ m ðr; hÞ are the polar coordinates with origin in the center of shell of index m. Note that the solutions for the shells and the inner acoustic medium are identical to those in Sec. II B.
To compute the unknown coefficients A m n in Eq. (38), we again need to express solution (38) in terms of one set of polar coordinates ðr m ;ĥ m Þ that results in 
where vector Q m ¼ Q m (cos a m , sin a m ) is the radius vector to the center of scatterer C m and vector Q mp ¼ Q mp (cos a mp , sin a mp ) defines the position of scatterer C p with respect to scatterer C m .
Use of the modified solution (39) in Eqs. (18) and (20) together with the solutions of inner acoustic medium and elastic shell makes it possible to derive the system of algebraic equations, which is similar to the one in Ref. 2 
The obtained algebraic system must be truncated to the finite number M(2N þ 1) of equations, 18 and then can be used to obtain the coefficients A m n ; n ¼ 1; … ; N; m ¼ 1; … ; M numerically. Figure 6 illustrates results for the doubly periodic infinite array and its finite counterpart. The dimensions are taken from the results of Sec. II B. As expected the gaps between the eigenvalue solutions correspond to the maxima of IL. In particular we are interested in the two shaded bandgaps. The source and receiver are positioned along the line perpendicular to the longest axis of the finite array. This means that in the eigenvalue problem waves propagate along interval GM and the band diagram of this interval is compared with the computed IL. It is clearly seen that the shaded part of the bandgap related to the axisymmetric resonance is identified by a broad positive IL peak. Similarly the first and higher orders Bragg bandgaps can also be associated with positive IL peaks.
To compare the semi-analytical results with data, we again introduce viscoelasticity defined by a Young's modulus of complex form (36). This leads to redefining unknown coefficients in Eq. (39) by solving system (40) with modified elastic parameters. In Fig. 7 (a) the theoretical predictions show relatively good agreement with data obtained for 7 Â 3 array of elastic shells with lattice constant L ¼ 0.08 m. Around 2000 Hz one can observe the effect of the periodic structure defined through the Bragg resonance that is
The first and broad third peaks in the experimental results at 500 and 1200 Hz, respectively, can be identified as the results of the resonant behavior of the elastic shells. Since the resonance of index n ¼ 61 is dependent on polar angle, the small discrepancy in amplitude between theoretical and experimental results for the first peak may be explained by differences from the assumed source and receiver positions in the experiments. Due to the low-frequency regime, choice of more precise viscoelasticity parameters may also contribute to better agreement with the experiment for this particular resonance. The second peak at 750 Hz observed in the experiment can be explained by the presence of the resonance with index n ¼ 62. In the theoretical predictions where shell is homogeneous this resonance is almost negligible. However its contribution is predicted to be substantial if the elastic shell model is modified to include relatively stiff strips (modeled as rigid) and if the ideal cylindrical shape is slightly deformed. These modifications are pursued in Sec. III C. This model is closer to the cylindrical forms that result from the method of manufacture of the cylinders used in the experiments described in Sec. III. Similar results depicted in Fig. 7(b) are obtained for bigger lattice constant L ¼ 0.1 m. By changing size of the lattice cell, the frequencies of shell resonances are clearly not affected though the size of the associated IL peaks varies. As predicted by Eq. (41), we expect a shift in the position of the Bragg resonance that results in a new position of the associated IL peak.
III. MEASUREMENTS
A. Cylinders and support system
Latex sheets 2 m long and 0.25 m thick have been formed into cylinders with outer diameters of 27.5 and 55 mm, respectively. This has been achieved by overlapping edges by a few millimeters and gluing them together. Supports for the 2 m long cylinders were provided by holed wooden boards at the top and base of each array [see Fig.  8(a) ]. The lattice constant for the arrays of latex cylinders was 80 mm. To maintain their shape and vertical orientation, the latex cylinders were slightly inflated above atmospheric pressure through a common pipe connecting to a small pump. However deviations from the cylindrical shape were likely and could not be avoided.
B. Measurement system and data analysis
The sound source was a Bruel & Kjaer point source loudspeaker controlled by a maximum-length sequence system analyzer (MLSSA) system thus enabling determination of impulse responses. Measurements were taken from the IL spectra for single cylinders and arrays of cylinders in an anechoic chamber. Figures 8(a) and 8(b) show an example measurement arrangement. During the array measurements, the receiver microphone was positioned 50 mm from the nearest face of the array but on the opposite side to the source. Both source and receiver were 1.2 m above the floor of the chamber. The loudspeaker was placed between 1.5 and 1.63 m away from the array, such that the source-receiver axis was normal to the array orientation [see Fig.  8(b) ]. IL spectra were calculated by subtracting signals received without and with the cylinder array present but with the support structure in place on both occasions.
C. Effect of gluing on the resonances of the shell
The elastic shell with glued section has non-uniform surface. This may have a significant effect on the performance of the SC composed of these shells. In order to study this effect the shell is modeled in COMSOL Multiphysics 3.4 as an elastic material with rigid strips that approximates the overlapping glued edges of the elastic sheet. The finite element (FE) simulation is defined by the quadratic elements and the active domain is meshed by at least five elements per wavelength. The numerical results have been obtained on a Dell workstation with 8 Â Intel E430 processors and 32 GB random access memory (RAM). The estimated computational time for solving the full problem in the frequency interval (0, 3000) Hz is 2 h. Figure 9 illustrates the geometry used in the 2D numerical simulation. A rigid inclusion of width l has Neumann boundary conditions imposed at the acoustic interface and fixed faces (zero displacements) at the elastic interface. The elastic shell is modeled in a manner similar to that considered in the previous sections. As before the viscoelasticity is described by the dynamical Young's modulus given by relation (36) and Table I . Also it should be noted that the source is assumed to be an incident plane wave exp(ikx) propagating parallel to the Ox axis. However at the source-scatterer distances of interest, this is likely to give similar results to a point source. Note that some inaccuracy is expected below 500 Hz where the source-scatterer distance does not exceed three wavelengths.
In the formulation of the COMSOL model, the boundary conditions imposed on the surface of the elastic shell are similar to those in Eq. (5) . The outer environment is surrounded by perfectly matched layers (PML) that replace the radiation condition (26). With PML boundaries and approximation of the point source by incident plane waves, the area of the outer domain in finite-element method (FEM) can be reduced to the size related to the array-receiver distance.
In Fig. 10 (a) the performance of a 7 Â 3 array of modified latex shells is compared with the results obtained in Sec. II D. It is shown that rigid inclusion of the given size has little impact on the positions of all three resonance frequencies of the elastic shell ( n ¼ 0, n ¼ 61, and n ¼ 62). However, the third resonance f % 750 Hz with index n ¼ 62 is amplified and becomes more noticeable.
As well as non-uniform boundary conditions due to gluing, significant changes in the form of the second and third resonances can also be the result of departures of the crosssectional shapes of the elastic shells from circular. Figure  10 (b) shows numerical predictions for a 7 Â 3 array of elliptical shells. The semi-major a o,1 and semi-minor a o,2 axes are calculated on the assumption that the circumference is the same as that of a circular cylinder of radius a o ¼ 0.0275 m. Although it has not been possible to reproduce the measured form of the third resonance around f % 650 Hz exactly, it is predicted that this peak will broaden if the elastic shells are elliptical rather than circular in cross-section.
IV. CONCLUSIONS
SCs composed of elastic shells have been considered. Additional low-frequency bandgaps are predicted in an infinite periodic structure formed by the thin elastic shells made of suitably soft rubber. The additional bandgap due to the axisymmetric resonance of the shell is predicted to be the widest among those generated by the shell resonances. Its lower bound is given by a simple relation between material and geometrical parameters of the shell. This relation is obtained by using asymptotic equations for the thin elastic isotropic cylindrical shell subjected to the membrane compression form of loading. It provides a tool for choosing the material as well as radius and thickness of the shell so that the first resonances are positioned below the first Bragg bandgap of the array. Viscoelasticity effect has also been included into the final results and gives better agreement with the experiments.
The presented semi-analytical method offers a fast and reliable approach to solving the problem of scattering by an array of cylindrical elastic shells. The computational time required by this method is less than one tenth of that needed for traditional numerical methods such as FEM.
The predicted performance of arrays of elastic shells in the low-frequency range has been verified by laboratory experiments. Measured low-frequency peaks correspond to the bandgaps related to the first shell resonances with indices n ¼ 0, n ¼ 61, and n ¼ 62.
Without some form of protection, arrays of latex cylinders would be impractical in outdoor environments. Therefore the acoustical effects of providing suitable protection are being investigated.
